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Abstract 

In this paper we present a detailed study of the quantum conservation laws for Toda 
field theories defined on the half plane in the presence of a boundary perturbation. We 
show that total derivative terms added to the currents, while irrelevant at the classical 
level, become important at the quantum level and in general modify significantly the 
quantum boundary conservation. We consider the first nontrivial higher-spin currents 
for the simply laced a^^-* Toda theories: we find that the spin-three current leads to 
a quantum conserved charge only if the boundary potential is appropriately redefined 
through a finite renormalization. Contrary to the expectation we demonstrate instead 
that at spin four the classical symmetry does not survive quantization and we suspect 
that this feature will persist at higher-spin levels. Finally we examine the first nontrivial 
conservations at spin four for the ^3^'* and 0^2^ nonsimply laced Toda theories. In these 
cases the addition of total derivative terms to the bulk currents is necessary but sufficient 
to ensure the existence of corresponding quantum exact conserved charges. 
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1 Introduction 



Certain classes of field theories defined on the two-dimensional plane possess an infinite 
number of conservation laws which generalize the energy-momentum conservation. These 
theories have been extensively studied primarily because the existence of such higher- 
spin conserved charges ensures that their exact S-matrix can be constructed [|l], 0| and 
therefore all the on-shell properties can be determined. In general it has been found [§, Q 
that whenever the system exhibits a classical symmetry, the corresponding conservation 
law can be implemented at the quantum level simply redefining appropriately the cur- 
rent via the addition of quantum corrections. In this way quantum integrability has been 
established for all affine Toda theories in their bosonic 0] as well as in their supersym- 
metric version. The method which more efficiently allows to construct the higher-spin 
currents at the quantum level is massless perturbation theory. This approach, which is 
similar in spirit to perturbed conformal field theory, has the advantage to be applicable 
straightforwardly and to give exact results to all orders in perturbation theory. 

Recently there has been much interest in studying these same theories defined not on 
the whole plane but on half of it, i.e. on a manifold with boundary 0]. In this case 
one can consider the system in the presence of a nontrivial boundary perturbation and 
it turns out that many physical interesting phenomena can be described in this fashion 

1^. A natural question thus arises: how much of the integrability properties of the 
original model which locally are still valid in the interior region, do survive as global 
symmetries of the theory in the presence of the boundary? It is easy to show that in 
order to construct an integral of motion in terms of the currents conserved in the bulk, 
there must be no momentum flowing through the boundary or at most the momentum 
evaluated at the boundary has to reduce to a total time-derivative term. At the classical 



level this analysis has been carried out for all Toda theories and it has been shown ||^, |10 
that in general the higher-spin charges are conserved if the boundary perturbation is 
chosen appropriately. 

These conservation laws if realized at the quantum level guarantee absence of particle 
production and the factorization property of the S matrix. The sine-Gordon model 
has been studied quite thoroughly 0, |ll], |l2l. One finds that: i) a renormalization 



of the currents is sufficient to reabsorb the quantum anomalies; ii) the most general 
boundary potential allowed by the requirement of quantum integrability contains two 
free parameters; iii) the exact S-matrix has been constructed and its connection with the 
underlying field theory description is understood. 

For the other Toda theories the quantum analysis has not been completed yet 
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Using a generalization of the massless perturbation approach which is standard for sys- 
tems without boundary we have started a study of the quantum boundary conservations 



for models based on simply laced [rT| and nonsimply laced Lie algebras. In this paper 
we continue in this task. In the next section we set our notations and review the general 
procedure. In particular we derive the equations that need be satisfied in order to ensure 
the existence of a conserved charge at spin three and spin four level. In section 3 these 
results are applied to the specific examples of the a^^^ Toda theories. We find that at 
spin three a quantum conserved charge exists if the classical boundary potential is suit- 
ably modified by a finite renormalization. Instead at spin four, somewhat unexpectedly, 
the classical symmetry does not survive quantization and there are indications that the 
charge conservation is broken by true anomalies at higher-spin levels too. In section 4 
we study the first nontrivial currents (at spin four) for the ^3^^ and c^2^ nonsimply laced 
Toda theories. Here we show that a quantum exact symmetry is realized only if total 
derivative terms are added to the bulk currents. No redefinition of the classical boundary 
potential is necessary in these cases. Finally in the last section we draw our conclusions 
and make some closing remarks. 



2 Quantum charge conservation: the general proce- 
dure 



We are interested in determining higher conservation laws for Toda-like systems defined 
in the upper-half plane. To this end it is convenient to work in euclidean space with 
complex coordinates 



Xq + IXi 

~V2~ 



X 



Xq — IXi 



V2 



and corresponding derivatives 



1 



□ = 2dd 



We restrict our attention to theories defined by the following action 



2 , d^x\9ixi) 



- 5{xi)B 



(2.1) 



(2.2) 



(2.3) 



where B denotes the perturbation at the boundary and V is the affine Toda potential 



N 



j=0 



(2.4) 
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The Toda theories under consideration are based on a Lie algebra Q of rank and we are 
using the standard notation for the simple roots aj, {j = 1, 



with Qj the Kac labels {qo = 1). From the action in 
equations of motion in the bulk region 



N 



□ ( 



and at the boundary 



dxi 



j=Q 



xi=0 



dB 



= 1, ■ ■ ■ , A^), ao = - Ej=i QjOij^ 
we can immediately derive the 



(2.5) 



(2.6) 



It is well known |T5[ that for affine Toda theories one can construct an infinite set of 
classical currents and show that they are on-shell conserved in the interior region xi > 0. 
The classical conservation laws can be written as 



+ ae(") = o 



+ ae^") = o 



(2.7) 



where J*-"-*, G*^"^ denote the two components of a spin +n current, and J^'^\ G*^"'-' the 
corresponding ones for the spin —n current. In terms of these currents one would like to 
define a conserved charge and this is feasible if the following conditions are met at the 
boundary 



^ xi=0 V / xi=0 ^ 



(2. 



with Sq""* a local function of the fields evaluated at Xi = 0. Indeed, if this is the case, an 
integral of motion is given by 



(n-l) 



+00 



dxi Jq 



(n) 



_1_ spin) 
"I" ^0 



where Jn"^ 



Jin) + Jin) + 0(n) + 0(n). jt has bceu shown 



(2.9) 



M that the conditions 



in eq. ( p.8|) are satisfied if one restricts the class of boundary potentials to 



N 



B 



(2.10) 



with appropriate coefficients dj. 

We note that equivalent sets of currents can be obtained through the addition to J'^'^\ 
0(")^ Q(") of total derivative terms 



jin) _^ Jin) ^ QU 
jin) _^ Jin) _^ QIJ 



Q{n) _ @{n) _ QU 
0(n) ^ Qin) _ QIJ 



(2.11) 
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Indeed the bulk conservation equations in ( p.7| ) are not modified. Moreover it is imme- 
diate to verify tliat tlie cliarges constructed witli tlie redefined quantities 



jW^ j(")_,y2<9i(f/-t/) 



j(n)_ j{n)+^y2<9o([/-t/) 



s^"^ -iV2{u- ii) 



a:i=0 



(2.12) 



are still conserved and actually coincide with the ones in ( |2.9| ). The net result is that 
at the classical level there is the freedom of adding total derivatives to the currents, but 
these terms are irrelevant as far as the conservation laws are concerned. This will not be 
the case once quantum corrections will be included. 

Thus, in order to proceed further we discuss now the issue of quantum conservation. 
As anticipated in the introduction the approach best suited to treat the problem exactly, 
to all-loop orders, is massless perturbation theory. This method treats the whole expo- 
nential in ( |2.4|) as interaction terms without separating the quadratic parts which would 
correspond to mass terms. In this way calculations beyond one loop are much simpler as 
compared to the corresponding ones in a massive perturbative approach. We compute 
in x-space, using for the action in ( p.3|) massless propagators defined in the upper-half 
plane as 

?2 



^ij (•^^ ^ ) 



4% 



log2|x 



X 



l\2 



+ log2|2; 



-l\2 
X 



(2.13) 



5r + 5f, where 5^ = ^/. 



+ 00 

oo 



/32 j-oo '^^o /o dxiV, with V the 
and = I-^ (IxqB, with B the boundary perturbation 



and an interaction term S., 
affine Toda potential ( |2.4|) 

(iH). 

At this point the classical conservation equations in ( p^.7| ) and ( |2.8| ) can be reexpressed 
in perturbation theory as 



B (/"^(a:, x)) = B (/")(x, x) e-^^)^ = -d (e(")) 



(2.14) 



for xi > and 



in), 



X, X , 



xi=0 



(2.15) 



at Xi = 0. Classical results correspond to tree level calculations, while quantum correc- 
tions are given by loop contributions. Normal ordering of the exponentials in V and B 
is always understood so that no ultraviolet divergences are produced. 
At spin n we consider currents of the form 



(2.16) 
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where a= (ai, ■ ■ • , as) and "^^ai = n. The coefficients Cab are given in general by a power 
expansion in the couphng constant 

ca. = ci? + /?2cii) + . . . (2.17) 

The zeroth order term, c^^'', must be such that the classical conservation law in (|2.7|) is 
satisfied. 

We evaluate quantum corrections in the interior region Wick contracting the J^"^ 



current with the exponential in (|2.14|) . Since the current contains terms with at most n 
d(f) factors, it is clear that we need compute at most up to n — 1 loops. Among all the 
contributions we want to select the local terms. The ones that are expressible as total 
^-derivatives contribute directly to the quantum trace in (|2.14|) ; the rest has to vanish if 
the current conservation is anomaly free. Therefore one must determine the yet unknown 
quantum coefficients in ( p.l7| ) in order to cancel these potentially anomalous terms. This 
procedure has been applied successfully in several examples @, ^ . 

The actual calculation in ( [^.14D is simplified by the observation that since we are 
interested only in local contributions it is sufficient to expand the exponential to first 
order in ■ Indeed Wick contractions of the current with the interaction produce in 
general a sum of terms of the form 



dx j (fw M{x, x) 



1 1 

+ 



Af{w,w) (2.18) 



{x — {x — wY 

where M., M are products of the fields and their 9-derivatives and the integration is 
performed in the upper plane. Local expressions are obtained using in the half plane the 
relation 

[x — wp [k — iy. 

Since only one d is present, only one interaction factor (one integration) can appear if we 
want to obtain a local result. In this way we determine the contributions to the quantum 
trace and the renormalization of the classical current to all orders of perturbation theory. 
This part of the calculation is performed in the interior region and in a certain sense 
it is preliminary and preparatory for the actual check of the charge conservation in the 
presence of the boundary perturbation. 



At the boundary xi = we have to consider eq. (|2.15| ). Using the quantum expressions 
just obtained in the bulk for and G^") we compute ^ = i( J(") - J(") - G^") + G^")) 
and then we evaluate its expectation value at Xi = as in ( p.l5| ). The aim is to isolate 
local terms which are not (9o-derivatives and see if they correspond to true anomalies. 
In this case the calculation is complicated by the fact that local contributions might 
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arise from higher-order terms in the expansion of the interaction potential, given now 
by the complete sum of V in the bulk and B at the boundary. Typically expanding the 
exponential in (|2.15|) to first order in the following structures are produced 



/ + CXD 
dwo 




^(^' ^) 7 u + 7 ^ ~ '^^^^ ^ 



where V and V are functions of d^cp and d^(j) respectively. Since w 
the above expression can be written as 




2)^ lim / dwn 



-00 



(2.21) 

Local boundary contributions are obtained selecting in V and V terms which are equal 
and making use of the following relation 

Repeating the same procedure, it is clear that Wick contractions with higher-order factors 
in the expansion of the boundary interaction give rise to local contributions whenever 
the number of one-dimensional 5*^^)-functions produced in the limit xi ^ equals the 
number of integrations. 

We also have to take into account terms from the expansion of the bulk potential 
and/or from mixed factors of the bulk and the boundary potentials. Such a computation 
requires in general a lengthy algebraic effort. We present an explicit example in Appendix 
A. 

As mentioned above anomalous boundary contributions would correspond to local 
terms which cannot be written as ^o^derivatives of suitable expressions. Now we want 
to show that at the quantum level total derivative terms added to the current and to the 
trace might influence these potential anomalies. 

The addition of a dU term to the J^"-* current modifies the quantum conservation con- 
dition in the bulk by a term d{dU) = dd{U). Obviously, being the result automatically 
in the form of a total 9-derivative, no anomaly is produced in the interior region and 
the local terms obtained from d{U) will all contribute to the quantum trace. Now, while 
the tree level (classical) contributions are equal to BU, the loop (quantum) corrections 
are not expressible in general as 9-derivatives. Consequently these terms might lead to 
quantum corrections in J^""^ which are not (9o^derivatives and therefore affect the bound- 
ary condition (|2.15|) in a nontrivial manner. Since these corrections will play a relevant 
role in the following sections, we illustrate this point in detail with an example. 
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Let us consider a term to be added to a J^^^ current 

dU = Cabd{d'^(pad(j)b) 



(2.23) 



We start by evaluating d{dU) using the massless propagator in (|2.13|) and dropping all 
non-local contributions (with the definition a 



2n' 



d 



1 



27ra 
a 
2 



d w 



[X — w] 



+ 



{x — wy 



X — W X — w 

1 1 



4 \{x — {x — w)-^ 



+ 



Vb{w,w) + 

Vab{w, W) 



d 



I. 
2 



dVad(l)b + ^Vbd^a + -d^Vab 



(2.24) 



Here and in the following we write derivatives of the interactions as 14 = Ba = 
and so on. The contribution to the trace (see eq. (|2.14|) ) is then identified as 

a 



e 



-Cab 



h 

2 



dVad<Pb + =:Vbd^(Pa + T^d^Vab 



(2.25) 



In the same way one obtains the corresponding contributions to J and so that one can 
compute the relevant terms produced at the boundary from {J^^^) as in ( |2.15| ) 



i{J - J -Q + Q 

1 
2 



iCab 



d'(j)adcf)b + d^ad^h + -dVad4>b+ 



V-Vbd^a + "^d^Vab - C.C. 
o 



-o^ fd^u' f dwo B 

Z-KCt J 27ra J " 



(2.26) 



One needs consider terms up to the third-order expansion in B and to second order in 
the V and B crossed product. We list here the results from the individual terms and 
compute in detail the first one in Appendix A. 



i {^d^(j)ad(j)b - c.c. 

l{d^(Pad^(Pb-C.C. 

1 

- {dVad(j)b - c.c.) 



xi=0 



-2B,dl^a - 2d^oBado(t>b + -BbdoVa + -VacB,d^(t>b 
-2doBadl(j)b - 2doB,dl<Pa + VadoB, + VbdoBa - ^ ad^Bab 



xi=0 

1 1 

~ --BbdoVa - -VacB^do(pb - aVacdoBbc 

xi=0 ^ ^ 



7 



c.c. 



c.c. 



xi=0 



a 



xi=0 

The total sum finally gives 



[doiVabcBc) + aVabcddoBcd] 



(2.27) 



Cab i ^0 



-a 



-2doBado(l)b - 2Bbdl(t)a 
Vacd^Bb,+ ^-d,{VabcBc) 



2 
— ( 

3 



^adlBab 



+ 5o {VaBb) + 



a. 



(2.28) 



We notice that contributions containing three do derivatives, both classical and quantum, 
add up to reconstruct a total do derivative. Terms containing one c^o derivative behave 
differently depending on whether they were produced at tree level or from loops: as 
expected the classical terms give rise to a total ^o^derivative contribution. The terms 
instead which correspond to quantum corrections can modify the boundary condition in 
a nontrivial manner and they must be taken into account while constructing the quantum 
conserved charges. A final remark: total derivatives of the form Cad'^(pa are not relevant 
since they would only contribute at the classical level; we will not consider them in the 
following. 

We turn now to a discussion of the conservation laws for the specific cases of the 
spin-3 and spin-4 currents in Toda theories defined in the upper-half plane, perturbed 
by a boundary interaction. 



2.1 Quantum conservation at spin— 3 level 



For a Toda theory the action in ( |2.3| ) is written in terms of n independent scalar fields 
interacting with the potential (|2.4| ) in the inner region and with a generic perturbation B 



at the boundary. According to the general expression in (|2.16|) we write a spin-3 current 
in the form 



J^^'^ = -aabcd(f)ad(t)bd(l)c + habd'^ 



k + -Cabd{d(j)ad(pb) 



(2.29) 



with coefficients aabc and Cab symmetric and bab antisymmetric in their indices. We start 
considering the conservation law of this current in the upper-half plane following the 
procedure outlined for the general case. We evaluate as in ( CT) d ( J(3)^. We easily find 



27ra 



d'w V 



+ 



d 
1 



-hahVbL 



2 



^CabVbd<pa + ^CabdVab + ^ttabcdVabc 



+ 



a 



2bacVab + —aabdVacd 



d(l)bd(j)c 



(2.30) 
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where we have dropped all the non-local contributions. Absence of quantum anomalies 
in the conservation of J^^-* requires that the terms on the right-hand-side, which are not 
total ^-derivatives, vanish. This requirement leads to the following equations for the aabc 
and bab coefficients 



a Oi 

(labcVa + bacVab + ^abKc + -^(labdVacd + -^O-acdVabd 







(2.31) 



Clearly no restrictions are imposed at this stage on the coefficients Cab of the total deriva- 
tive terms. 

From equation ( p.30|) we also determine the quantum trace 



0^^^ = -T:babVbd(f)a - lrCabVbd(f)a - '^CabdVab - '^ttabcdVabc 

2 Z o 4o 



(2.32) 



The same procedure can be applied to compute the quantum currents J^^\ G)^^-* whose 
expressions are obtained from ( |2.29| ), ( |2.32| ) by exchanging holomorphic derivatives with 
antiholomorphic ones. 

Now we concentrate on the boundary condition ( |2.15| ). Thus we consider 



(j(3) _ J(3) _ 0(3) ^ Q(3)) 



xi=0 



(2.33) 



Local corrections come from contractions of the currents with the exponential expanded 
up to the third order. Summing all the contributions the final result, up to total do 
derivatives, is 



^,(J(3)_ j(3)_@(3) + e(3))^ 



xi=0 



1 

'72 
1 

71 



:CiahcBaBbBc + 2babVaBh 



a a 

-^CabVabcBc — -^CLabcVabcdBd 



+ 



[ttabcBa + 4:babBac + 2aaabdBacd] (?0<;^fe<9( 



Wc 



In order to cancel the terms proportional to 9o0fe(?o0c we require 

O-abcBa + ^babBac + ^bacBab + CtttacdBabd + OtaabdBacd 







(2.34) 



(2.35) 



Comparing ( p.35|) with (|2.31|) it is easy to see that the quantum corrections in both 
identities are such that if (12^311) is satisfied with V = E"=o ^je"^"^, then (lOsI) is also 
satisfied with B = Yl]=odje^"^''^- Finally, once we have found the Oabc's and babS from 
eq.( |2.31|) or equivalently from (|2.35|) , we try to determine the coefficients Cab in the current 
and the d/s in the boundary interaction imposing (see again ( p.34D ) 

1 a a"^ 

■^O'abcBaBbBc + 2babVaBi, — —CabVabcBc — ^aabcVabcdBd = (2.36) 
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If we are able to satisfy this condition then we can proceed and construct the correspond- 
ing quantum conserved charge. In section 3 we explicitly solve the above equations for 
the a^^ affine Toda theories. 

2.2 Quantum conservation at spin— 4 level 

The most general expression for the current of spin four, including total derivative con- 
tributions, has the form 

J^^^ = ^aabcdd(t)ad(l)hd^cd(l>d + ^babcd'^(l)ad(f)bd(l)c + ^Cabcd{d(pad(l)bd(f>c) + 

+ ^dabd''(j)ad''(l)b + eabd{d^(j)ad(l)b) (2.37) 

with ttabcd, Cabc and dab completely symmetric, babe symmetric in the last two indices and 
babe + bcab + ^bca = 0. The requirement of current conservation in the interior region (see 
eq.( p.l4| )) determines the quantum trace 



0^"^^ = - ^bbeaVad(f)bd(l)c + ^CabeVad4>bd(l)c + ^dab^K^^fe + ^ea6<9K<90fe+ (2.38) 

1 (y. (y. (y 

+ -(^abVbd'^(f)a + -b(ab)edVacd(f)b + -CabedVabd(t)c + —dabd'^Vab + -Cafc^Vafe + 

z o 4 4o o 

O? 2 2 

■^-^(i'abcdQyabcd(^d + -J^CabeQ Vabe + IZ^CLabedd Vabed 

6Z 4o oo4 

and imposes the following two sets of conditions on the coefficients of the current 

1113 

aa{f)cd)K + 2^a(f'cKj)a " -^a{dbbe)a " -jda(byed)a + -^(i'ae{cdyb)ae + 

a a _ 

+ -^Oae{bVcd)ae — -^Vae{cdbb)ae + -r^O'aef(dVbe)aef — U 
o o iO 

2 

a a 

&[6c]aK + da[bVc]a + -r(&[HeKce " b[ca]eyabe) + — aae/[cH]ae/ = (2.39) 

4 o 
Then we consider the boundary relation ( |2.15| ). In this case we obtain three sets of 
equations which the coefficients and the boundary potential need satisfy in order to 
insure the existence of a corresponding quantum charge. The first two sets arise from 
terms proportional to do<pbdo(l)cdo<Pd and Sg^fe'^o^c respectively 

0'a(bed)Ba + ba{beBd)a " Ba{dbbe)a " '^da{bBcd)a + 'iOiaae{cdBb)ae + Ctbae{bBcd)ae + 
— <yBae{cdbb)ae + Ci^ CLaef(dBbc)aef = 



b[be]aBa + '^da[bBc\a + Oi{b\pa]eB ace ~ b[ca]eBabe) + a^aaefleBb]aef = (2.40) 
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In a way similar to what happened for the spin-3 current, the above equations do not 
impose new conditions once the bulk equations (|2.39|) are satisfied and the boundary 



potential is of the form B = Yl]=odje'2'^^''^. The relevant equations are given instead by 
the terms which are proportional to docpe] they must reduce to a total 9o-derivative in 
order to satisfy (|2.15|) . We find 

[aabceBaBbBc + habcBbBcBae + 3aaabcdBbBcBade + 
+ baecVaBc — -&beaK-Bfe — -^ecaK-Bc + SdabK-^be — da{bVe)aBb + ahabcVaBbce + 

- OibbcaVaBbce — -^bl^abJcVaceBb — -^b(^ae)cVabcBb " OiCab{cVe)abBc + 

CX CX 

- Y^(^ab + QeabWabceBc " Y2^d,ab + Qeab)VabcBec " Oi{da(bVc)a + 2ea(b V;)a) ^fcce + 

^(^acd{eyb)acdBb 7rb(ab)dyacdBbce — « CabcVabdBcde + 

o Z 

- -{dab + GeabWabcdB^,^ - -aabcdVabcdefBf - -a^bcdVabcdf B^f + 



do — derivative (2-41) 



^0'adf{cyb)adfBbce — -T^CabcVabcdf Bdef — 7r7:0,abcdyabcdfgBefg 

o iz yo 



In the following sections we attempt to find explicit solutions of the above equations for 
specific models. 

3 The a^^ afRne Toda theories 



The action for these simply laced theories has the general form (p^.3|), (|2.4|), with n 



independent fields and roots satisfying cx'j = 2, cxj ■ cxk = —Sj^k±i, j,k = l,---n, and 

Qj = 1, i = l,■■■,^• 
These models possess a classically conserved spin-3 current of the form considered in 
( p.29|) [0. It has also been established that the conservation law in the inner region is 



valid at the quantum level. If we call a^°|, and 6^°'* the classical coefficients, the quantum 
solution is given by 

aabc = a'Sc , bab = {l + (3.1) 



At spin 3 the boundary condition ( 2.15| ) corresponds to equations (|2.35|) and ( 2.36| ). 



The first set, ( |2.35| ), is satisfied by the coefficients in ( ^.1| ) if the boundary potential is 
chosen as in ( |2.10|) . Now, in order to satisfy ( |2.36| ) which is nonlinear in B, we still have 
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the freedom to choose appropriately the coefficients Cab in the current and the dj^s in the 
interaction B. It is convenient to introduce the following definitions 



aijk = aabc{ai)a{aj)b{ak)c hj = bab{ai)a{aj)b Cij = Cab{ai)a{aj)b (3.2) 



so that from (|2.31|) we first obtain 

Q-ijk + bikCij + hijCik + — [ciiijCik + CliikCij] = (3-3) 

where Cij = di ■ dj is the Cartan matrix of the a„ Lie algebra. From the above equation 
and the antisymmetry of bij one easily derives 

2 

diij = = ^ T I a ^ij (3-4) 

2 

for any i, j = 0,1, ■ ■ ■ ,n. Finally introducing the notation 

n n 

V = Y.e] B = Y.d,e, (3.5) 

j=0 3=0 

where 

= e5"^-^^ (3.6) 

we rewrite ( p.36| ) as 



(3.7) 



It is clear that when in the second sum i = j terms proportional to ef are produced and 
the only way to cancel them is to impose 

Cii = (3.8) 

When i j the coefficients Cij do not enter in ([3171) , so they are undetermined and not 
relevant. Consequently, in order to satisfy ( |3.7] ) the coefficients dj must be chosen as 

4 = 4(^1 + 1) , j = 0,l,---,n (3.9) 

We note that setting a = the classical result in Ref. ^ is reproduced, with d'j = 4, 
j = 0,1, ■ ■ ■ ,n. However the presence of quantum corrections modifies this solution: the 
conservation of the g^^-* charge requires a nonperturbative, finite renormalization of the 
coefficients dj. 
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Now we extend the analysis at spin 4. The general equations have been obtained 
in the previous section, ( p.37| ), (2.38), (p.39|) , ( p.41| ). We have not been able to exhibit 
a solution in the quantum case for a generic a^^^ Toda system, essentially because the 
various sets of equations become highly coupled due to the presence of the perturbative 
corrections. So we present the results we have obtained for the explicit cases n = 3,4,5 
(a classical spin-4 conserved current exists only for n > 3). Here we discuss in detail the 
n = 3 example. 

The 03^'' theory is described by three independent scalar fields. The simple roots can 
be represented in the following real form 



ai = (-1,-1,0) 52 = (1,0,1) as = (-1,1,0) 
so that the bulk potential (|2.4|) becomes 



Y — g01-03 _j_ g-</>l-02 _j_ g01+03 _j_ g-</'l+02 



and the interaction at the boundary ( p.lOj ) is 



(3.10) 



(3.11) 



(3.12) 



The lagrangian is clearly symmetric under 

i) 02 -02 

in) 01 —01 



a) 03 -03, 
1)2 03 



(3.13) 



In this case it is rather easy to solve the equations ( |2.39| ) and find the coefficients ttabc, 
babe and dab which appear in (|2.37|) and (2.38). The coefficients Cabc and Cab are not 
determined from the equations in the interior region. Based on the symmetries in ( 3.13| ) 
the only nonvanishing ones are 



C122 — — C133 



G 



en = H 622 = 633 = / 



(3.14) 



We have 



J(4) 



(901)^ + (902)^ + (903)^ - 6 (901)2(902)2 + (901)2(903)2 + (902)2(903) 



+ 



-24(1 + 



92 
11 



920390390iJ +(4 + ^)(920i)2 + 



(8 + 12a + -a')[{d'<P2f + [d'cP^Y] + Gd (90i (902)2 - 90i (903)2) + 



+ i/9(90i920i) + / 9(9029202) + 9(9039203) 



(3.15) 
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and 



where 



e(4) = 61 + 62 + 63 + 60 (3.16) 



61 = ^^-(^2+^-^a + a' + ^a'-^G + ^{H + I)y^</^^ + ^<P2?+ 

+6 (1 + f - ^g) {dhr + {-^H + ^g) {d<p,r + (^(1 + «)G - (dhn 

+ (^(1 + ^a)^ -1{H + /)) 901902 + ^i/9Vi + ^19202 + 

+ (^a + + - + ^{H + /)) (9^1 + ^^2)} e'^-^^ 

62 = 6i(0i -01, 02 -03) 

63 = 6i(02^-02) 

60 = 6i(0i^ -01,02 ^03) (3.17) 

Now we attempt to solve the conditions at the boundary. As previously emphasized the 
relevant set of equations are the ones in ( ^.411 ). They are non linear in B, with terms 
cubic in B and terms which contain the product BV. Using the definitions in (|3.6| ) let 
us isolate for example terms proportional to 606162, which arise only from contributions 
cubic in B (they are not contained in the products BV). Therefore of all the terms in 
( p.41|) we concentrate on the first three and from them we extract the part proportional 



to 606162- We easily find that the classical contributions cancel and we are left with 

3 3 1 

- -a(9o0i + 9o02)(ioc?i(i2eoei62 = --q;(9o0i + do(p2)dodid2e2^'>'^~'f'^^ (3.18) 

This explicitly shows that there is no way to rewrite this type of contributions as total 
9o derivatives unless we set one of the dj,j = 0, 1,2, coefficients equal to zero. On the 
other hand since the theory is symmetric under (|3.13|) the same analysis can be repeated 
for the terms proportional to 616263, 626360, 636061. Thus one is forced to set at least two 
of the d/s equal to zero. In this case it is rather simple to show that the other nontrivial 
conditions which follow from (|2.41|) necessarily require the vanishing of the remaining 
two dj coefficients. As expected the original symmetry of the lagrangian is maintained. 
In conclusion the conservation at the boundary can be implemented only for a vanishing 
interaction at the border. 

We have repeated the corresponding analysis for the a^^^ and the 05^^ Toda theories. 
These models are described by four and five scalar fields, respectively. In order to simplify 
the algebra we have found convenient to use a realization of the simple roots of a„ 
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that maintains explicit all the symmetries of the corresponding afiine Dynkin diagram. 
This can be achieved choosing a complex representation of the roots as in Ref. [0]. 
Moreover with that particular choice, as shown in Ref. the reality of the lagrangian 
is implemented representing the fields in a complex basis with 0* = (pn+i-a- It is a 
simple exercise to modify accordingly the equations (|2.41|) which are the relevant ones 
for checking the conservation at the boundary. For the specific examples of the 04^^ 
and the a^^^ Toda systems we have performed most of the algebraic manipulations using 
Mathematica. In both cases we have found that the classical conservation of the q^^^ 
charge is broken by quantum anomalous contributions, following exactly the same pattern 
as for the a^^^ theory. It is from the terms cubic in B that in ( |2.41| ) arise contributions 
which do not sum up to a total do derivative. There is no choice of the coefficients 
Cabc and Cab, still undetermined in the J^^^ and 6*^"^) currents, which allows to satisfy 
the conservation condition with a nonvanishing boundary potential. We suspect that a 
similar situation has to be faced at higher spin levels. 



4 Conservation laws for nonsimply laced theories 

In this section we study the conservation equations of the first nontrivial higher-spin 
current, spin 4, for the two nonsimply laced ^3^'' and theories. These models, described 
in terms of two bosonic fields, are simple enough to allow a complete analysis. We discuss 
the two systems separately. 

4.1 The dl system 

With a realization of the simple roots of the Lie algebra as 

«i = (2,0) as = (-1,1) (4.1) 
one obtains for the potential in the bulk 

V = e'^^-^^ + e^^^ + e'^'^^^ (4.2) 

and at the boundary 

B = do e-5('^i+'^2) + g0i + ^2 g-i(<^i-</'2) ^4_3^ 

This system exhibits the first high-spin conserved current at spin-4, with a general form 
given in ( |2.37|) . Solving the bulk conservation equations (|2.39|) one finds the coefficients 
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dabcd, babe and dab', the nonvanishing ones are 

a 

o-uii = O2222 = ~~ 01122 
(ill = -^(l + 3a + a^) 6^22 



-(1 + -) 



^221 

3 



23 9 a 



2 + 3a + 

(4.4) 



The coefficients of the terms which are total derivatives are not determined; the ones 
which are allowed by the symmetry of the lagrangian under 02 ^ — 02 are 



Inserting 

where 
60 = 



C122 = G Cm = 3H en = / 622 = J (4.5) 

in the general expression (2.38) for the quantum trace we obtain 

Q(^) = 9^ + 9^ + 02 (4.6) 



a 



(I + J) 



(501 + 902)' + 



+ 
+ 
+ 

+ 



^(1 + «)G-^J 



2 

(502)' + 



(50l)' + 



l + ^a)G + ^aH-l{I + J) 

4: J 4 2 



a f 5 a'' 

— \ l + -a 

24 \ 6 2 3 
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501 502 + 

iG + H) + ^iI + J) 



(5^01 + 5^02) 



ei 



+ h 5^1 + ^75^02} 



IH a + 3a^ + -a' 

6 V 3 3 

1 



(3 + 6a + 2a2)i/-2(l + a)/ 



(50i)'+ 



l + -a + -a^-G (502)' + 



+ 



36 



(1 + 3a + 2a^) - a^H - (1 + a)I 



5^01 e^-^i 



92 = eo(02^-02) (4.7) 

The requirement of absence of anomalies at the boundary ( 2.15 ) leads to the set of 
equations in ( p.41| ). In the specific case under consideration they give 



a 



-{G-3H)do = 



16 



(3 + 2a - a^)dld^ 



8 13 
6 + 10a + -a^ - — a^ - a^ 
3 9 

+4a(3 + 3a + a^)if + 4a(l + a)I 



2 5 
9" + 



dn = 



a 2 , 



a 



5 55 2 5 o a'^ ,^ 

1 + -a H a^ H a'^ H h (1 + a H )G+ 

2 36 12 18 ^ 4^ 



a^ 1 1 

+ (3 + 3a + —)H - (2 + -a)/ - -aJ 

4r 



di = 



-{G-3H)d2 = 



(3 + 2a - a^)df(i2 



6 + 10a + -a^ - 



13 
9" 



a^ - a'^ - -a^+ 



+4a(3 + 3a + a^)i^ + 4a(l + a)I 



4 = 



dldi + 



5 55 2 5 o a ,^ « 

1 + -a H a^ H a'^ H h (1 + a H )G+ 

2 36 12 18 ^ 4' 



1 1 

+ (3 + 3a + —)H - (2 + -a)/ - -aJ 



di = 



(4.8) 



In the limit a ^ all the terms which contain G, H, I, J vanish and one recovers the 
classical boundary equations whose solution fixes the coefficients dj's 

a) do = d2 = di arbitrary 

h) di = ±V2 do, d2 arbitrary (4.9) 

This result is in agreement with Ref. [Il0| . 

Now we analyze the equations in ( [4. 81) at the quantum level. First we try to find a 
solution setting to zero all the terms which are proportional to total derivatives in the 
current, i.e. setting G = H = I = J = 0. The system in ( [4.8|) reduces to 



(3 + 2a - a^)dido - 



- . 13 . 
6 + 10a + -a' - —a' 



a 



2 

-a" 
9 



(in = 



a 
4 



,2 , I r. ^ 55 2 5 o a"* 

didi + 2 + 5a H a^ + -a'^ H 

° V 18 6 9 



(3 + 2a - a^)dld2 



6 + 10a H — a a — a a 



a 
4 



9 

(tdx + I 2 + 5a + — a^ + -a^ + — ) c/i 
^ I 18 6 9 / 



9 



4 = 



(4.10) 



These equations give either the trivial boundary solution = f^i = '^2 = or 



= 2 + 



2^,5 
9 



a^ 



2a - 3 



dl 



dl = - 



^ ^ 55 2 5 o a^ 
2 + 5a + — a^ + -a"^ + — 



(4.11) 
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Clearly these solutions are not acceptable, primarily because the do and d2 coefficients 
have imaginary values and therefore the theory does not appear to be unitary. Thus 
we are forced to reconsider the original system in ( |4.8[ ) with nonvanishing constants G, 
H, I and J. In this case the solution is not unique. We use this freedom to set the 
dj coefficients equal to their classical values in ([4.9|) . In the ffist case do = d2 = 0, di 
arbitrary but not vanishing, the equations in (|4.8|) lead to 



5 55 9 5 o a"^ , / 
^ 2" + 36 12 18 + " + + (3 + 3a + —)H + 

-(2 + la)/-^aJ = (4.12) 

This condition does not determine the coefficients uniquely. It is satisfied for example by 
the non singular (in the limit a 0) solution 

H = I = J = _ i+ 36"^ + 12« + 18 (413) 

1 + a + ^ 

We observe that even if the quantum corrections require the presence of a total derivative 
term nonvanishing in the classical limit, this, as already emphasized, does not alter the 
charge conserved at the classical level. These perturbative contributions modify the 
conservation at the quantum level and are actually necessary to implement an exact 
symmetry of the theory. 

Exactly the same conclusions can be reached for the second choice in ( ^.9| ), di = ±a/2, 
do and ^2 arbitrary and non zero. Now the system in ( [4.8|) becomes 

3H-G = Q (4.14) 

14 13 2 

6a H - + 4a(l + a H )G + 4a(l + a)I = 

3 9 9 3 



a ,9 a 



a ,9 a 
-di + - 
4 ^ 2 



1 + -a H H H h (2 + 2a H )G - (2 + -a)I aJ 

2 36 12 18 ^ 3 ^ ^ 2 ^ 2 _ 

5 55 9 5na^, a^N^ / In^I^ 

1 + -a H a^ H a^ H h (2 + 2a H )G - (2 + -a)I aJ 

2 36 12 18 ^ 3 ^ ^ 2 ^ 2 








Therefore, ffist we need impose a further restriction d^ = d\ with respect to the classical 
result, then we have to solve the remaining two equations in three unknowns. Again 
acceptable solutions exist, not uniquely determined. 
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4.2 The system 

We choose the following representation for the simple roots, di = V^{0, 1), 02 
v^(l, —1) so that in terms of two scalar fields the interactions become 



V 



(4.15) 



and 



B = do 6"^^"^^+^^^ + di e7f^2 + 4 e^^"^^"^^^ 



(4.16) 

The action is symmetric under the exchange (pi —>■ — (/>i. Also for this nonsimply laced 
theory the first nontrivial high-spin conserved current in the bulk region is at spin 4. 
From the general expression in ( |2.37| ) and the bulk conservation equations ( ^.39| ), we find 
the coefficients of J^^^ (see also Ref. [HI) 



chilli 
dn 



aii22 = -4(1 + a) 



hi 



12 



-6^2(2 + 3a + 



-(8 + 24a + 23a^ + 6a^ 



d^ 



22 



4 + 6a + 



(4.17) 



while C112 = G, C222 = 3if , en = / and 622 = J are still undetermined at this stage. The 
quantum trace can be computed explicitly using in (2.38) the values just obtained for 
the coefficients ( |4.17| ) 

e(^) = 00 + 61 + 62 (4.18) 



with 
60 = 



17 



9 



6 



a 



a 



—a + -a' + -a^ + + H) - -{I + J) 



2V2 



(901+502)' + 



+ 
+ 
+ 



V2 



{l + 2a)G-I 



^^G+-|(l + «)//- J 



(502)' + 



72 ( 1 + -a ) G + -^aH - I - J 



901 902 + 



a /I 
72 V3 



a 



6 



a 



a 



« +^(G' + i/) + ^(J + J) 



2V2 



(9^01 + 9^02)+ 



+ ^/ 9^01 + ^ J 9^02 e 



-y2(</-i+02) 



V2 



V2^ 



01 = {[6(2 + 3a + a2) - v^G] (90i; 



+ 



-2 2 



10 3 2 a 

— a H — a H 

3 2 6 



V2 3 + 3a + ^ i/-2(l + ^) J 



(902)' + 
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\f2 ( 3 5 ^ ( a X 



62 = 0o(0i^-0i) 

In this case the equations at the boundary ( p.41| ) are 



(4.19) 



(4.20) 



a{G - 3H)do = 

3 9 41 9 5 

(6 + -a - -a^)didl - [12 + 23a + — + -a^ + -a^ + 

2 2 6 2 b 

2 

- y2a(3 + 3a + a^)H + |(1 + a)I + y = 
80 2 

3a'^djdo - a[lQ + —a + Qa^ - -a^ - V2{Q + 6a + a^)H - 2(2 + a)I]do = 

a{G - 3H)d2 = 

3 9 41 9 5 

(6 + -a - -a^)didl - [12 + 23a + — a^ + -a^ + -a^ + 
2 2 3 2 D 

2 

- V2a(3 + 3a + a^)H + -(1 + a)I + y J]rfi = 
80 2 

3a^dld2 - a[16 + —a + 6a^ - -a^ - v^(6 + 6a + a^)H - 2(2 + a)/]d2 = 
3 3 

It is rather easy to see that the situation is very similar to the one described in detail for 
the previous example. First we verify that in the classical limit G, H , I and J do not 
play any role and we recover the classical solution for the boundary coefficients 



a) di = Q do, d2 arbitrary 

h) do = d2 = ±V2 di arbitrary 



(4.21) 



Then we observe that at the quantum level no consistent solution can be found without 
introducing total derivative terms in the current. Indeed, setting the total derivatives to 
zero, the system in (4.20) becomes 



3 9 41 9 5 

(6 + -a - -a^)didl - [12 + 23a + — a^ + -a^ + -a^i 

2 2 3 2 6 

3a dido — a[16 + —a + 6a — -a Jcto = 

3 9 41 9 5 

(6 + -a - -a^)didl - [12 + 23a + — a^ + -a^ + -a^i 
2 2 3 2 6 

80 2 
3a^dld2 - a[16 + —a + Qa^ - -a^]d2 = 
3 3 

j(2) 







(4.22) 



The pattern is the same as in the ^3 case: one solution is given by do = di = d2 = 0, 
that is a vanishing potential at the boundary. The other solution corresponds to the 
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following values for the dj coefficients 

dj = — 16 + —a + 6a^ - -a^) 

dl = dl = 2 + -^-^ \ ^ 6 4 

6 + |a — 

Again the results in (^4.23|) are not interesting, in particular di is singular in the classical 
limit. The way to circumvent the problem is to include the total derivative terms and 
reexamine the original set of equations in (4.20). It is clear that one possibility is to solve 
the system with the dj boundary coefficients fixed at their classical values ( |4.21| ). For 
di = 0, do and d2 arbitrary and non zero, we find 

G-3H = 

80 2 

16 + —a + 6a^ - -a^ - V2{6 + 6a + a'^)H - 2(2 + a)/ = (4.24) 
3 3 

For do = d2 = ±"\/2, di arbitrary and nonzero, (4.20) gives 

(G -3H) = (4.25) 

20a + ?a2 + + + v^a(3 + 3a + o?)ll - ^(1 + a)/ - ^ J = 
3 2 6 2 2 

Zo?d\ - a[16 + — a + ^o? - -a^ - ^2(6 + 6a + a^)H - 2(2 + a)I] = 
3 3 

It is worth emphasizing that in both cases not all the constants G, . . . , J can be set to 
zero not even in the classical limit a — 0. The quantum corrections feed back into 
the classical results, requiring the presence of nonvanishing total derivative terms in the 
spin-4 current. 



5 Conclusions 

We have studied the quantum properties of higher-spin charges for affine Toda theories 
defined on the upper plane in the presence of a nontrivial perturbation at the border. 
We have attempted a systematic analysis of the various theories, but we had to face the 
complexity of the algebraic manipulations which an exact quantum calculation requires. 
Moreover the diverse behaviour of different systems and the diverse behaviour of different 
spin currents within the same system have prevented us from completeness. With these 
caveats, we have accomplished nonetheless several goals and obtained quite interesting 
and unexpected results. 
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First we have developed a general technique which allows to address the problem of 
quantum charge conservation for a system defined on a manifold with boundary. This 
method, even if perturbative in spirit, allows to obtain exact answers, to all loop orders in 
perturbation theory. The algebraic difficulty of its application arises when dealing with 
higher and higher-spin currents: however since the procedure is a step by step one it can 
be implemented with a computer program. 

Second we have tested our approach on several examples, general enough to illustrate 
the issues we wished to discuss. Although we have not found results with a repetitive 
pattern, the procedure itself is repetitive and in a sense straightforward to be applied. 

Finally we have shown that in the presence of a nonvanishing perturbation at the 
boundary the construction of quantum conserved charges is not automatically guaranteed 
by the existence of a corresponding classical charge. At the quantum level total derivative 
terms added to the currents become relevant and necessary, in certain cases, for the 
realization of global, exact symmetries. This feature is a peculiar property of systems 
defined on manifolds with a non trivial boundary potential. 

Perhaps the most striking finding of our study has been the realization that for the 
a!^^ affine Toda theories there is no choice of a nonvanishing boundary perturbation, no 
possibility of a quantum redefinition of the current which allow the quantum existence 
of certain higher-spin conserved charges. The first classical conservation spoiled at the 
quantum level by anomalies that cannot be cured is at spin 4. We have checked this 
failure of the conservation law on explicit examples and we expect the same happening 
at higher spin too. 

We have not attempted to repeat this last analysis on nonsimply laced Toda systems. 
It would seem that for the ^3^'' and theories similar anomalies might appear at spin 
> 4. 

In any case, for all the theories we have considered, at least one higher-spin conserved 
charge has been found and this is sufficient to imply the existence of factorizable, elastic 
S-matrices [|T^. It would be interesting to proceed in this direction and make precise 
the correspondence between S matrices and boundary Toda systems. In particular one 
would like to understand the role played by the quantum form of the boundary potential 
of the a^^ theories in the specific construction of an exact S-matrix. 
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A Appendix 



In this Appendix we show with an exphcit example how to proceed in the computations 
of local contributions to {J^^^)\xi=o- Let us consider 



b e 2 



f (fw f dwo B 



(A.l) 



We want to extract the local terms when this expression is evaluated at the border Xi = 0. 
First, using the definitions in eq. (|2.2| ) we write 



- 3dodd(l)adi(j)b - didd(t)ado(t)b 



(A.2) 



In the last equality we have written d1 = 2dd — d\ so that it is easier to identify in (|A.1| ) 
the Wick contractions which lead to local contributions. Indeed we use 



lim ((9i0(2;o, a;i)(/)(wo, 0))r, = lim —a 

xi^O 3;i— >0 



a^o — ^i^o + ^a;i xq — wq — ix\ 



-I'Kab'^^^ixQ — Wq) 



so that we immediately obtain 



xi=0 



-2dlBado^b - '2Bb^o<Pa 



(A.3) 



(A.4) 



For the other two terms in ([A.2|) we need consider a double expansion in the bulk and 
boundary potentials. We have 



(i^w^^ ( ——^ dx^dd {\og2\x — + log2|x — w 



T-.I2 



dw, 



, dB 



-a] 



Xq — Wq + ixi Xq — w'q — ixi 



Using in the upper-half plane 

dd (log2|x — w\'^ + log2|x — top) = 27t6^^\x — w) 



(A.5) 



(A.6) 
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and eq.( [A.3| ) we obtain the result 

'^doddcpadicpb} ~ 
The last term is treated in similar manner 



(9V r , ,dB f a 



(27ra)2 
a 



9o0fe / d w 



dw', 



\og2\w — w, 



I |2 

ol 



dd 



- Wq + i[Xi - Wi) Xq- Wq + i[Xi + Wi) 

i i 



Xq — UIq — i{Xi — Wi) Xq — Wq — i{xi + Wi) 



(A.7) 



(A.8) 



Integrating by parts the dd derivatives we obtain a local contribution when they hit the 
log and produce a 5^'^\w — w'q), while the terms in the square bracket, when evaluated in 
the limit Xi — > 0, give rise to a S^^^Xq — w'q). We then obtain 



didd(t)ado(, 



1 



VacBA 



(A.9) 



Summing all the contributions the total result quoted in ( p.27| ) is recovered. 
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